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Abstrat
We analyze stability of a fermion system with model repulsive pair
interation potential. The possibility for dierent types of restrutur-
ing of the Fermi ground state (at suiently great oupling onstant)
is related to the analyti properties of suh potential. In partiular, for
the sreened Coulomb law it is shown that the restruturing annot be
of the Fermi ondensation type, known earlier for some exatly solvable
models, and instead it belongs to the lass of topologial transitions
(TT). For this model, a phase diagram has been built in the variables
sreening parameter - oupling onstant whih displays two kinds of
TT: a
5/2-kind similar to the known Lifshitz transitions in metals, and
a 2-kind harateristi for a uniform strongly interating system.
PACS: 71.10.-w, 71.10.Hf
The ommon ground state of isotropi Fermi gas with density ρ is de-
sribed (at zero temperature) by the stepwise Fermi funtion n
F
(p) = θ(p
F
−
p), dropping disontinuously from 1 to 0 at the Fermi momentum p
F
=
(3pi2ρ)1/3 (in the units where h¯ = 1). The Landau theory of an interating
Fermi liquid started from the assumptions that the quasipartile distribution
funtion n(p) oinides with the one of an ideal gas, while the single partile
spetrum εp is similar to that of ideal gas, being haraterized by the eetive
mass M∗ [1℄.
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But these n
F
(p) and εp an be broken down under ertain irumstanes.
The best known example is the Cooper pairing at arbitrarily weak attrative
interation with subsequent formation of the pair ondensate and gapped
quasipartile spetrum [2℄, but also a repulsive interation, if suiently
strong, an produe non-trivial ground states. The rst example of suh re-
struturing for a Fermi system with model repulsive interation [3℄ revealed
existene of a ritial value αcr for the interation onstant α, suh that at
α = αcr the stability riterion s(p) = (εp − ε
F
)/(p2 − p2
F
) > 0 fails just at
the Fermi surfae: s(p
F
) = 0 (p
F
-instability). Then at α > αcr an exat
solution exists of a variational equation for n(p) (following from the Landau
energy funtional E[n(p)]), exhibiting a ertain nite interval (p1, p2) around
p
F
where the distribution funtion n(p) varies ontinuously and takes inter-
mediate values between 1 and 0, while the single-partile exitation spetrum
εp has a at plateau,
δE[n(p)]
δnp)
= εp = µ; p1 ≤ p ≤ p2, (1)
with µ being the hemial potential. It is seen from eq. (1) that the oupa-
tion numbers n(p) beome variational parameters, deviating from the Fermi
funtion in order to minimize the energy E. This phenomenon was alled
fermion ondensation (FC) and soon several model forms for E[n(p)] were
proposed [4℄-[8℄ providing similar solutions. However, these models do not
answer the question whether there exist other types of phase transitions re-
lated to a rearrangement of the Fermi funtion n
F
(p) and the single partile
spetrum εp. It is pertinent to note that the idea of multionneted Fermi
sphere, with prodution of new, interior segments of the Fermi surfae, has
been onsidered already [9, 10℄. This determines an interest to examine the
overritial regimes α > αcr for the models displaying alternative types of
instability.
The main goal of this Letter is to onsider possible types of rearrangement
of the Fermi ground state. We shall relate the types of suh rearrangement
to analyti properties of the single partile potential of a system in question
and show that there an exist phase transitions of dierent type from FC.
The general sheme of Refs. [3℄-[7℄ for a homogeneous system of non-
polarized fermions with mass M and model isotropi interation potential
U(p) onsiders the energy funtional E[n(p)]:
2
E[n(p)] =
∫
p2
2M
n(p)
dp
(2pi)3
+
1
2
∫ ∫
n(p)U(|p− p′|)n(p′)
dpdp′
(2pi)6
, (2)
and the related quasipartile dispersion law:
εp =
p2
2M
+
∫
U(|p− p′|)n(p′)
dp′
(2pi)3
. (3)
Performing the angular integration and passing to the dimensionless vari-
ables: x = p/p
F
, y = 2Mεp/p
2
F
, z = 2pi2ME/p5
F
, eqs. (2,3) an be presented
in a simpler form:
z[ν(x)] =
∫
[x4 +
1
2
x2V (x)]ν(x)dx, (4)
y(x) = x2 + V (x), (5)
with the single partile potential V (x) being given by,
V (x) =
1
x
∫
x′ν(x′)u(x, x′)dx′, (6)
u(x, x′) =
M
pi2pF
x+x′∫
|x−x′|
u(t)tdt.
Here u(x) ≡ U(p
F
x), and the distribution funtion ν(x) ≡ n(p
F
x) is positive,
obeys the normalization ondition:
∫
x2ν(x)dx = 1/3, (7)
and the Pauli priniple limitation ν(x) ≤ 1. The latter an be lifted using,
e.g., the ansatz: ν(x) = [1 + tanh η(x)]/2, then the system ground state
should orrespond to the minimum of the funtional:
f [η(x)] =
∫
[1 + tanh η(x)]{x4 − µx2 +
1
4
x
∫
x′[1 + tanh η(x′)]u(x, x′)dx′}dx,
(8)
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ontaining a Lagrange multiplier µ, with respet to an arbitrary variation of
the auxiliary funtion η(x). This permits to present the neessary ondition
of extremum δf = 0 as:
x2ν(x)[1 − ν(x)][y(x)− µ] = 0, (9)
whih means that either ν(x) takes only the values 0 and 1 or the dispersion
law is at [3℄: y(x) = µ, in aordane with eq. (1). The last possibility just
orresponds to FC. As it is seen from eq. (1), the single partile spetrum
εp in this ase annot be analyti funtion of omplex p in any open domain,
ontaining the FC interval ∆p = [p1, p2]. In fat, all the derivatives of εp
with respet to p should be zero along ∆p, while this is not the ase along
the real axis outside ∆p. For instane, in the FC model with U(p) = U0/p
[3℄ the kernel, eq. (6), results non-analyti:
u(x, x′) =
MU0
pi2p
F
(x+ x′ + |x− x′|) (10)
whih eventually auses non-analytiity of the potential V (x).
On the other hand, as it follows from eq. (5), the single partile spetrum
will be an analyti funtion along the whole real axis, provided V (x) is suh
a funtion. In this ase FC is forbidden and the only alternative to the Fermi
ground state (if the stability riterion gets broken) leaves in a topologial
transition (TT) between the topologially unequal states with ν(x) = 0, 1
[12℄. Generally, all suh states are lassied by the indies of onnetedness
(known as Betti numbers in algebrai topology [13℄) for the support of ν(x).
In fat, for an isotropi system, these numbers are simply to ount the sep-
arate (onentri) segments of the Fermi surfae. Then the system ground
state will orrespond to suh a multionneted distribution (Fig. 1):
ν(x) =
n∑
i=1
θ(x− x2i−1)θ(x2i − x), (11)
that the parameters 0 ≤ x1 < x2 < . . . < x2n obey the normalization
ondition:
n∑
i=1
(x32i − x
3
2i−1) = 1, (12)
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Figure 1: Oupation funtion for a multionneted distribution.
and the related z, eq. (4),
z =
1
2
n∑
i=1
x2i∫
x2i−1
x2[x2 + y(x)]dx (13)
has the absolute minimum with respet to x1, . . . , x2n−1 and to n ≥ 1.
Dierentiating eq. (13) in the parameters x1, . . . , x2n−1 with use of the
relations:
∂x2n
∂xk
= (−1)k−1(
xk
x2n
)2, 1 ≤ k ≤ 2n− 1, (14)
by virtue of eq. (12), and taking into aount that the potential V (x) in the
dispersion law y(x) in fat also depends on these parameters:
V (x) =
1
x
n∑
i=1
∫ x2i
x2i−1
x′u(x, x′)dx′, (15)
we present the neessary onditions of extremum as:
∂z
∂xk
= (−1)kx2k[y(xk)− y(x2n)] = 0, 1 ≤ k ≤ 2n− 1. (16)
Hene the multionneted ground state is ontrolled by the evident rule of
unique Fermi level : y(xk) = y(x2n), for all 1 ≤ k ≤ 2n−1 (exept for x1 = 0).
In priniple, given the kernel u(x, x′) all the (2n−1) unknown parameters xk
5
an be found from eqs. (16,5,15). Then, the suient stability onditions:
∂2z/∂xi∂xj = αiδij, αi > 0, provide the generalized stability riterion: the
dimensionless funtion
σ(x) = 2Ms(p) =
y(x)− y (x2n)
x2 − x22n
(17)
should be positive within lled and negative within empty intervals, turning
zero at their boundaries in aordane with eqs. (16). It an be proved
rigorously that for given analyti u(x, x′) this riterion uniquely denes the
system ground state.
In what follows we shall label eah multionneted state, eq. (11), by an
entire number related to the binary sequene of empty and lled intervals
read from x2n to 0. Thus, the Fermi state with a single lled interval [x2 =
1, x1 = 0] reads as unity, the state with a void at origin: (lled [x2, x1] and
empty [x1, 0]) reads as (10) = 2, the state with a single gap: (101) = 3, et.
Note that all even phases have a void at the origin and odd phases have not.
For free fermions V (x) = 0, y(x) = x2, eqs. (16) only yield the trivial
solution orresponding to the Fermi state 1. In order to pass to non-trivial
realizations of TT, we hoose U(p) orresponding to the ommon sreened
Coulomb potential:
U(p) =
4pie2
p2 + p20
. (18)
The related expliit form for the kernel
u(x, x′) = α ln
(x+ x′)2 + x20
(x− x′)2 + x20
, (19)
with the dimensionless sreening parameter x0 = p0/p
F
and the oupling
onstant α = 2Me2/pip
F
, evidently displays the neessary analytial proper-
ties for existene of TT.
With use of eqs. (15) and (19), the potential V (x) is expressed in ele-
mentary funtions:
V (x) =
n∑
i=1
V (x; x2i−1, x2i), (20)
V (x; x′, x′′) = α
{
2
[
x′′ − x′ − x0 arctan
2x0 (x
′′ − x′) (x2 + x20 + x
′x′′)
(x2 + x20 − x
′2) (x2 + x20 − x
′′2)
]
+
6
+
1
2x
[(
x′′2 + x20 − x
2
)
ln
(x+ x′′)2 + x20
(x− x′′)2 + x20
−
(
x′2 + x20 − x
2
)
ln
(x+ x′)2 + x20
(x− x′)2 + x20
]}
.
Then, the straightforward analysis of eqs. (16) shows that their non-trivial
solutions only appear when the oupling parameter α exeeds a ertain riti-
al value α∗. This orresponds to the moment when the stability riterion [3℄
σ(x) = (y
F
(1)− y
F
(x))/(1− x2) > 0 alulated with the Fermi distribution,
y
F
(x) = x2 + V (x; 0, 1), fails in a ertain point 0 ≤ xi < 1 within the Fermi
sphere: σ(xi)→ 0. There are two dierent types of suh instability depend-
ing on the sreening parameter x0 (Fig. 2). For x0 below ertain threshold
value xth ≈ 0.32365 (weak sreening regime, WSR) the instability point xi
sets rather lose to the Fermi surfae: 1− xi ≪ 1, while it drops in a ritial
way to zero at x0 → xth and pertains zero for all x0 > xth (strong sreening
regime, SSR). The ritial oupling α∗(x0) results a monotonially growing
funtion of x0, having the asymptotis α
∗(x0) ≈ (ln 2/x0 − 1)
−1
at x0 → 0
and staying analyti at αth = α
∗(xth) ≈ 0.91535, where it only exhibits an
inexion point.
These two types of instability give rise to dierent types of TT from the
state 1 at α > α∗: at SSR a void appears around x = 0 (1 → 2 transition),
and at WSR a gap opens around xi (1 → 3 transition). Further analysis
of eqs. (16) shows that the point xth, αth represents a triple point in the
phase diagram in variables x0, α (Fig. 3) where the phases 1, 2, and 3
meet. Similarly to the onset of instability in the Fermi state 1, eah TT to
higher order phases with growing α is manifested by that σ(x), eq. (17),
turns zero at some point 0 ≤ xi < x2n dierent from the existing interfaes.
If this ours at the very origin, xi = 0, the phase number rises at TT
by 1, orresponding to opening of a void (passing from odd to even phase)
or to emerging island (even → odd). For xi > 0, a thin spherial gap
opens within a lled region or a thin lled spherial sheet emerges within
a gap, then the phase number rises by 2, not hanging the parity. A part
of the whole diagram shown in Fig. 3 demonstrates that with dereasing
x0 (weaken sreening) all the even phases terminate at ertain triple points.
This agrees in partiular with the numeri study of the onsidered model
along the line x0 = 0.07 at growing α [10℄, where only the sequene of odd
phases 1 → 3 → 5 → . . . was indiated (shown by the dashed arrow in Fig.
3).
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Figure 2: Critial oupling α∗ and instability point xi as funtions of sreen-
ing. The regions of weak sreening (WSR) and strong sreening (SSR) are
separated by the threshold value xth (note that xth, αth is the triple point
between the phases 1, 2, 3 in Fig. 3).
8
0.0 0.1 0.2 0.3 0.4 0.5 0.6
0.0
0.6
1.2
1.8
2.4
...
5
4
3
2
1
a
x
0
Figure 3: Phase diagram in variables sreening-oupling. Eah phase with
ertain topology is labeled by the total number of lled and empty regions
(see Fig. 1). Even phases (shadowed) are separated from odd ones by 
5/2-
kind topologial transition (TT) lines, while 2-kind TT lines separate odd
phases. Triple points, where two
5/2-TT and one 2-TT meet, are shown by
irles. The dashed arrow indiates the phase trajetory studied numerially
in Ref. [10℄.
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The energy gain ∆(τ) at TT as a funtion of small overritiality param-
eter τ = α/α∗ − 1 is evidently proportional to τ times the volume of a new
emerging phase region (empty or lled). The analysis shows that the radius
of a void (or an island) for a TT with hange of parity is ∼ τ 1/2. Conse-
quently we have ∆(τ) ∼ τ 5/2 whih indiates a similarity of this situation
to the known 
5/2-kind phase transitions in the theory of metals [11℄, but
its spei harater is that the new segment of Fermi surfae opens at very
small momentum values, whih an dramatially hange the system response
to, e.g., eletron-phonon interation. On the other hand, this segment may
have a pronouned eet on the thermodynamial properties of
3
He at low
temperatures, espeially in the ase of P -pairing.
For a TT with unhanged parity, the width of a gap (or a sheet) is found
∼ τ , hene the energy gain results ∆(τ) ∼ τ 2, and suh TT an be assigned
2 kind. It follows from the above onsideration that eah triple point in the
x0−α phase diagram is a point of onuene of two
5/2-kind TT lines into one
2-kind line. The latter type of TT was already disussed in literature [9, 10℄,
and we only mention here that its ourrane on a whole ontinuous surfae
in the momentum spae is rather spei for systems with strong fermion-
fermion interation, while the known TT's in metals, under the eets of
rystalline eld, our typially at separate points in the quasimomentum
spae.
It is of interest to note that in the limit x0 → 0, α → 0, reahed along
a line α = kx0, we attain the exatly solvable model: U(p) → (2pi)
3U0δ(p)
with U0 = k/(2Mp
F
), whih is known to display FC at all U0 > 0 [3℄. The
analyti mehanism of this behavior onsists in that the poles of U(p), eq.
(18) tend to zero, thus restoring the analytial properties neessary for FC.
Otherwise, the FC regime orresponds to the phase order → ∞, when the
density of innitely thin lled (separated by empty) regions approahes some
ontinuous funtion 0 < ν(x) < 1 [10℄ and the dispersion law turns at by
eq. (16).
A few remarks are in order at this point. First, the onsidered model
formally treats x0 and α as independent parameters, though in fat a ertain
relation between them an be imposed. Under suh restrition, the system
ground state should depend on a single parameter, say the partile density ρ,
along a ertain trajetory α(x0) in the above suggested phase diagram. For
instane, with the simplest Thomas-Fermi relation for the free eletron gas:
α(x0) = x
2
0/2, this trajetory stays fully within the Fermi state 1 over all the
physially reasonable range of densities. Hene a faster growth of α(x0) is
10
neessary for realization of TT in any fermioni system with the interation,
eq. (18).
Seond, the single partile potential V (p) of a real system annot be an
entire funtion of p around p
F
beause of the stepwise form of the quasipar-
tile distribution. Therefore, as the oupling onstant moves away from the
ritial value α∗ within the WSR domain, the onentri Fermi spheres will
be taken up by FC. A lose look at the role of the density wave instabil-
ity, whih sets in at suiently large α, shows that this is true [8℄. In fat,
these arguments do not work in the ase of SSR. Thus, it is quite possible
to observe the two separate Fermi sphere regimes. There is a good reason to
mention that neither in the ase when the FC phase transition takes plae nor
in the ase when types of TT are present the standard Kohn-Sham sheme
[14℄ is no longer valid. Beyond the FC or TT phase transitions the ou-
pations numbers of quasipartiles serve as variational parameters. Thus, to
get a reasonable desription of the system, one has to onsider the ground
state energy as a funtional of the oupation numbers E[(n(p)] rather then
a funtional of the density E[ρ] [15℄. A more detailed study of suh systems,
inluding the nite temperature eets, is in order.
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